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Abstract. We give an elementary criterion on a group G for the map Aut(G) — s 
Out(G) to split virtually. This criterion applies to many residually finite 
CAT(O) groups and hyperbolic groups, and in particular to all finitely gen- 
erated Coxeter groups. As a consequence the outer automorphism group of 
any finitely generated Coxeter group is residually finite and virtually torsion- 
free. 



Given a group epimorphism / : G — > H we say that / splits virtually if there 
exist a finite index subgroup H' < H and a homomomorphism g : H' — > G with 
/ o g = Id. In other words, the exact sequence ker/ — > — > H' splits, so 
that G is virtually a semidirect product ker / X H'. 

Given a finitely generated residually finite group G, we investigate when the 
quotient map Aut(G) — > Out(G) = Aut(G)/ Inn(G) splits virtually. This implies 
in particular that Out(G) is residually finite (see Theorem 11.11 below). Note that 
there are examples of groups with residually finite Out(G) but such that the map 
Aut(G) — > Out(G) does not split virtually. Indeed, if G = n 1 (S g ) for S g a closed 
orientable surface of genus g > 3, then Out(G) = MCG ± (S' 9 ) is residually finite 
|Gro75j but Mess showed in |Mc s90 that no finite index subgroup of the Torclli 
subgroup of Out(G) lifts to a subgroup of Aut(G). 

We give an elementary criterion, namely the existence of an AS subgroup H of 
G, which implies that the map Aut(G) — > Out(G) splits virtually. The idea is to 
lift outer automorphisms to automorphisms that fix H pointwise. As a particular 
case of our criterion we show 

Theorem A. Let G be a finitely generated residually finite group, and let H be a fi- 
nite subgroup of G with finite centralizer in G. Suppose moreover that G has finitely 
many conjugacy classes of finite subgroups. Then the map Aut(G) —5- Out(G) splits 
virtually. In particular Out(G) is residually finite. 

We further give a geometric version of this criterion applying to many CAT(O) 
groups with torsion. 

Theorem B. Let G be a residually finite group acting properly dis continuously 
and cocompactly on a complete CAT(O) space X. Suppose there exists a finite 
subgroup H < G such that the set of fixed points of H is bounded. Then the map 
Aut(G) — > Out(G) splits virtually. In particular Out(G) is residually finite. 

When G is a finitely generated Coxeter group, we will show that one can take H 
above to be a maximal finite subgroup. Using further the fact that G is R-lincar, 
we obtain as a consequence the following 

Theorem C. Let G be a finitely generated Coxeter group. Then the map Aut(G) — > 
Out(G) splits virtually. Moreover Out(G) is virtually residually p for all but finitely 
many primes p. In particular Out(G) is residually finite and virtually torsion-free. 
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Recall that Coxeter group is a group G defined by a presentation of the form 

(S | (st) mst = 1 for each s,t G S with m st ^ 00} 

where m ss — 1 and m st = m ts G N>2 U {00} for each s =/= t E S. If m st G {2, 00} 
for s ^ t then the Coxeter group is called right-angled. 

Splittings of the map Aut(G) — ► Out(G) were described by James |Jam88| and 
Tits |Tit88j for some right-angled Coxeter groups G. This was later extended to 
all right-angled Coxeter groups by Miihlherr |Miih98j and to graph products of 
finite cyclic groups by Gutierrez, Piggott and Ruane |GPR12j . More generally, 
for G a graph product of cyclic groups, they give a description of the subgroup 
Aut'(G) < Aut(G) which preserves the conjugacy class of each vertex group. This 
is then used to show that the map Aut'(G) — > Out'(G) splits virtually. 

We emphasize here that the structure of the group Aut(G) is not well understood 
for G a general finitely generated Coxeter group. In particular, it is not known in 
general whether Aut(G) is finitely generated, or exactly for which G is Out(G) 
infinite. This is related to Miihlherr's twist conjecture [MiihOG which gives a con- 
jectural description of all Coxeter generating sets of a Coxeter group. Particular 
cases of this conjecture have been settled, among which twist-rigid Coxeter groups 
jCPlOj . which consequently all have a finite outer automorphism group. 

Also related is Question 2.1 in Bestvina's problem list which asks if a CAT(O) 
group has an infinite outer automorphism group if and only if it has an infinite 
order Dehn twist. In the case of a Coxeter group G an infinite order Dehn twist 
means a splitting as an amalgamated free product G = A*c B with A ^ G / B 
and such that Z^(G) is infinite. We mention here that the answer to the above 
question is positive for all hyperbolic groups |Lev05l ICarll] (see also [GL12] for 
a statement on relatively hyperbolic groups). The difficulty in determining which 
hyperbolic groups G have infinite Out(G) lies mostly in the presence of torsion (the 
torsion-free case being settled by a theorem of Paulin |Pau9lh . In contrast, our 
strategy for virtually splitting the map Aut(G) — > Out(G) relies in many instances 
on the presence of suitable finite subgroups, but is hopeless for many torsion-free 
groups like orientable surface groups (as Mess' result above shows) or free groups. 

Ashot Minasyan pointed out the following application of virtually splitting the 
map Aut(G) —¥ Out(G). 

Remark 0.1 (Word problem for Out(G)). Let G be a finitely generated group with 
solvable word problem, and suppose moreover that Aut(G) is finitely generated. 
Then it is not hard to deduce a solution of the word problem for Aut(G) using that 
of G. Pursuing this strategy, one could try to solve the word problem for Out(G) 
using a solution to the multiple conjugacy problem in G. However, giving a virtual 
splitting of the map Aut(G) — > Out(G) (if it exists) yields a simple solution to the 
word problem for Out(G) only relying on a solution of the word problem for G. 

The paper is organized as follows. Section [T] is logically independent from the 
rest of the paper (apart from Theorem II .11 and results from Section ITTTj) and serves 
as a motivation, describing other approaches to show that Out(G) are residually 
finite for certain groups G. In Section[2]we describe an elementary strategy to show 
virtual splitting of the map Aut(G) — > Out(G) (see Proposition I2.1[) . namely the 
existence of an AS subgroup. We then describe general algebraic and geometric 
situations giving rise to AS subgroups (see Propositions 12.51 and 12. 9[) proving The- 
orems [X] and [Bj In Section [3] we apply the strategy to various classes of discrete 
groups. We first apply Theorem [B] to all finitely generated Coxeter groups and to 
some Fuchsian groups with torsion. We then apply our strategy to (non-proper) 
actions on suitable trees. Finally, we show that Theorem [S] applies to all one-relator 
groups with torsion. 
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1. Residual finiteness of outer automorphism groups 

A group G is residually finite if the intersection of its finite index subgroups 
is trivial. In this definition, one may without loss of generality restrict to normal 
subgroups, or even to characteristic subgroups if G is finitely generated. Other 
equivalent ways to phrase residual finiteness are the following : 

• for any l^geG there is a finite quotient (p : G — > F such that (p(g) / 1. 

• for any finite X C G there is a finite quotient cp : G — > F such that ip\x is 
injective. 

Moreover if G is finitely generated, then the quotient F above may be chosen 
characteristic (i.e. kenp is Aut(G)-invariant, so that there is an induced map ip* : 
Aut(G) — > Aut(F)). This observation leads to the following classical result of 
Baumslag. 

Theorem 1.1 ( Bau63 ). Let G be a finitely generated residually finite group. Then 
Aut(G) is residually finite. 

In contrast with automorphism groups, residual finiteness of a finitely generated 
group G is a priori unrelated to residual finiteness of Out(G). Indeed, Bumagin 
and Wise [B W05] have shown that any finitely presented group appears as Out(G) 
of some finitely generated residually finite group G. In an opposite direction, Mi- 
nasyan |Min09| showed that any countable group can be realized as Out(G) of a 
finitely generated simple group G. 

A natural strategy for establishing residual finiteness of Out(G) in the spirit of 
Baumslag's result was devised by Grossman. A group is G is called conjugacy 
separable if given any two non-conjugate elements in G there is a finite quotient 
in which the images of these elements are not conjugate. An automorphism a of a 
group G is called pointwise inner if a(g) is conjugate to g for all g € G. Grossman 
[Gro75] showed that if G is a finitely generated conjugacy separable group such that 
all pointwise inner automorphisms of G are inner, then Out(G) is residually finite. 
She further successfully applied this criterion to G = F n and G = ni(S g ) for S g the 
orientable surface of genus g. Variants of this strategy (possibly replacing conjugacy 
separability with other properties) play a role to establish residual finiteness of 
Out(G) for many finitely generated groups, such as 

• G a residually finite group with more than one end (Minasyan-Osin jMOlOj ) 

• G a right-angled Artin group (Minasyan |Minl2j . Charney-Vogtmann jCVllj ) 

• G a one-ended hyperbolic group, or more generally G a one-ended relatively 
hyperbolic group with residually finite parabolic subgroups which are not 
relatively hyperbolic (Levitt-Minasyan |LMj V 

• G an even Coxeter group without subgroups of type B2 (Capracc-Minasyan 
|UM12] 1 

Note however that establishing conjugacy separability is a very hard problem in 
general, especially in the presence of torsion. Contrary to residual finiteness, if H 
is a finite index subgroup of G, conjugacy separability G does not imply conjugacy 
separability of H [CZ09L IMM12] , nor does conjugacy separability of G follow from 
that of H [Gor86j . Caprace and Minasyan were able to show conjugacy separability 
for the above Coxeter groups, but it remains an open question whether all finitely 
generated Coxeter groups are conjugacy separable. Our results provide an approach 
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to proving residual firiiteness of the outer automorphism group of a Coxeter group 
without invoking conjugacy separability. 

Remark 1.2 (Hyperbolic groups). Let G be a hyperbolic group. From the results 
cited above jMOlOl ILM] it follows that if G is either one-ended or residually finite, 
then Out(G) is residually finitcQ. As we remarked in the introduction, Mess' result 
[Mes90j shows that no such general statement can be made about virtually splitting 
the map Aut(G) — > Out(G). This motivates partial results such those in Section[3l 

1.1. Virtually residually p groups. Let p be a prime. A group G is called 
residually p if for any l^jeG there is a p-finite quotient <p : G —> F such that 
<p(g) ^ 1. We now record results and observations for later use. 

Remark 1.3. Any torsion element in a residually p group has order a power of p. 
It follows that if a group G is virtually residually p and virtually residually q for 
distinct primes p and q then G is virtually torsion-free. 

The following p version of Baumslag's result is due to Lubotzky. 

Theorem 1.4 ( |Lub80[ Proposition 2]). Let G be a finitely generated virtually 
residually p group. Then Aut(G) is virtually residually p. 

Finally, we shall make use of linearity through a result of Platonov: 

Theorem 1.5 f|Pla.68 _). Let G be a finitely generated linear group over a field of 
characteristic 0. Then G is virtually residually p for all but finitely many primes p. 

2. Algebraic and geometric criterions 

Let G be a group and H be a subgroup. Let / : Aut(G) — > Out(G) be the 
natural quotient map. We denote by 

• Autrm(G) the subgroup of Aut(G) which preserves the conjugacy class of 
H; 

• Aut#(G) the subgroup of Aut(G) which fixes H setwise; 

• Aut_H_(G) the subgroup of Aut(G) which fixes H pointwise; 

. Out^(G) = /(Aut [if] (G)),Out H (G) = /(Aut H (G)),Out £ (G) = /(Aut s (G)) 
Remark that Out[#](G) = Out#(G). The group Out_H_(G) is sometimes called a 
McCool group |GL12) . or the subgroup of Out(G) which acts trivially on H . 

We say that H is an AS subgroup of G (or Aut-splitting subgroup) if the 
sequence 

(AS) 1 -> Aut s (G) A Out(G) -> 1 

is virtually exact, i.e. if ker f\Aut H (G) is finite and /(Aut#(G)) = Outa_(G) has 
finite index in Out(G). 

Proposition 2.1. If Aut(G) is residually finite, and H is an AS subgroup of G, 
then the map f : Aut(G) — > Out(G) splits virtually. In particular Out(G) is resid- 
ually finite. 

Proof. Since Aut(G) is residually finite, so is Aut^(G). Hence we can find a fi- 
nite quotient tp : Autjf (G) — > F such that tp is injective on the finite subgroup 
ker /|Aut H (G)- Thus ker-0 is a finite index subgroup of AutH_(G), / is injective on 
kerip and /(ker-0) has finite index in Out(G). The desired virtual splitting is given 
by = /(kcr7/-) andg-r 1 ^. □ 

^Combining these results with the fact that any group G embeds in Out(G * Z/2Z) it follows 
that all hyperbolic groups have a residually finite outer automorphism group if and only if all 
hyperbolic groups arc residually finite, which is a well-known open question. 



VIRTUALLY SPLITTING THE MAP FROM Aut(G) TO Out(G) 



5 



Example 2.2 (Trivial examples). Let G be a group. Then G is an AS subgroup of 
G if and only if Out(G) is finite, and {1} is an AS subgroup of G if and only if 
Inn(G) is finite, i.e. Z(G) has finite index in G. In the latter case, if G is finitely 
generated, then it is residually finite, hence so is Aut(G) by Theorem ll.il so that 
Aut(G) is commensurable with Out(G). 

Remark 2.3. If G admits an AS subgroup with trivial center, then the map f\Aut H (G) 
is injective so that the map / : Aut(G) — > Out(G) splits virtually. This does not 
imply in general that Out(G) is residually finite. 

We now restate the AS subgroup condition. 

Proposition 2.4. Let G be a group, and H be a subgroup. Then H is an AS 
subgroup of G if and only if the following three conditions hold: 

(AS1) Z G (H)/Z{G) is finite. 

(AS2) A finite index subgroup of Aut (G) preserves the conjugacy class of H. 
(AS3) Out h{G) has finite index in Out# (G). 

Proof. First, observe that ker /Uute (G) = Inn(G) n Autjr(G) = Z G (H)/Z(G). 



Thus ker /|Autff (G) is finite if and only if Z(G) has finite index in Z G (H), i.e. (AS1) 
holds. 

Next, recall that we have Outtf(G) < Out ff (G) = Out [if] (G) < Out(G). Thus 



Out_H_(G) has finite index in Out(G) if and only if condition (AS3) holds and 



Out[#](G) has finite index in Out(G), which is a restatement of (AS2) □ 



2.1. Self- normalized subgroups and the restriction homomorphism. Sup- 
pose that the group H is self-normalized in G. We let A : Aut h{G) — > Aut(-ff) 
be the natural restriction map. Remark that Aut_jf(G) = ker A. Since H is self- 
normalized in G, the map A induces a homomorphism (p : Out#(G) — > Out(H) 



whose kernel is exactly Out_H_(G). Thus, in this particular setting conditions (AS1) 



and (AS3) admit further restatements. 

Proposition 2.5. Let G be a group, and H be a self-normalized subgroup of G. 
Then H is an AS subgroup of G if and only if the following three conditions hold: 

(AS1') Z(H)/Z(G) is finite. 

(AS2) A finite index subgroup of Aut (G) preserves the conjugacy class of H. 
(AS3') The image of <p : Out^r(G) — > Out(H) is finite. □ 



Remark 2.6. Even if H is not self-normalized in G, condition (AS3) holds as soon 
as Out(iJ) is finite. Indeed, letting N = Aut# (G) n Inn(G) we have 

[Outtf(G) : Outff(G)] = [Aut ff (G) : (Autff(G), N)} 

= [A(Aut H (G)) : \(N)] 

< [Aut (if) : Inn(iT)] = | Out(/i)| 

We single out an important particular case of Proposition 12.41 

Corollary 2.7. Let G be a group, and let H be a subgroup of G such that: 

(1) there are finitely many conjugacy classes of subgroups of G isomorphic to 
H. 

(2) N G {H) is finite. 

Then H is an AS subgroup of G. 

Condition (2) above forces H to be finite. However, the conclusion remains true 
if condition (2) is replaced by requiring that Out(ii) and Z G {H)/Z(G) are finite. 
Theorem[A]is a direct consequence Theorem ll.il Proposition ^. II and Corollary 12. 71 
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2.2. AS subgroups from actions on CAT(O) spaces. Throughout this section, 
we let X be a complete CAT(O) space and we let G be a group acting by isometries 
on X. For H < G we let FixiJ be the set of fixed points {x E X \ hx = x\lh e H}. 
A subgroup H < G is called elliptic if Fix H ^ 0. 

The following lemma provides a geometric criterion to find self-normalized sub- 
groups of groups acting on CAT(O) spaces. 

Lemma 2.8. Let G be a group acting by isometries on a complete CAT(O) space 
X. 

(1) Any elliptic subgroup Hq with FixHq bounded is contained in a maximal 
elliptic subgroup H . 

(2) If H < G is a maximal elliptic subgroup with FixH bounded then Ng(H) = 
H. 

Proof. We show that the union H = U a H a of a chain of elliptic subgroups H a 
containing Hq is elliptic. Indeed, each FixH a is nonempty, closed, convex and 
bounded, and if H a < Hp then FixiJ Q D Fix Hp. Since any finite subfamily 
of {FixiJ Q } Q has nonempty intersection, it follows from |Mon06| Theorem 14] 
that FixiJ = no,Fixi? a is nonempty. The first assertion now follows from Zorn's 
Lemma. 

In order to prove the second assertion, we observe that Nq(H) stabilizes the 
bounded set FixiJ, so that Nc(_ff) fixes a point, namely the center of Fix 77 |BH99[ 
Prop. II. 2. 7]. It now follows from the maximality assumption that Nq(H) = H. □ 



We thus get the following geometric version of Proposition [23] 

Proposition 2.9. Let G be a group acting by isometries on a complete CAT(O) 
space X, and let H be a maximal elliptic subgroup with Fix if bounded. Suppose 
that: 

(1) Z(#)/Z(G) is finite; 

(2) Aut(G) preserves the family of elliptic subgroups ofG; 

(3) there are finitely many conjugacy classes of maximal elliptic subgroups; 

(4) the image of ip : Out#(G) — > Out(H) is finite. 

Then H is an AS subgroup of G. 

Proof. By Lemma 12.81 the subgroup H is self-normalized in G. Thus by Proposi- 



tion 12.51 we only need to check condition (AS2) Since Aut(G) preserves elliptic 
subgroups, it also preserves maximal elliptic subgroups. By hypothesis there are 
only finitely many conjugacy classes of maximal elliptic subgroups, so that a finite 
index subgroup of Aut(G) preserves the conjugacy class of H. □ 

Restricting to the case of properly discontinuous and cocompact actions we get 

Corollary 2.10. Let G be a group acting properly dis continuously and cocompactly 
by isometries on a complete CAT(O) space X, and let Hq be a finite subgroup whose 
set of fixed points is bounded. Then any maximal finite subgroup H containing Hq 
is an AS subgroup. 

Proof. Since G acts properly discontinuously and cocompactly on X, elliptic sub- 
groups coincide with finite subgroups, and there are only finitely many conjugacy 
classes of finite subgroup. In particular there exists a maximal finite finite subgroup 
H containing Hq. It is now straightforward to check all hypotheses of Proposi- 
tion nnn □ 



Theorem |B1 follows from Proposition 12.11 and Corollary |2.10l 



VIRTUALLY SPLITTING THE MAP FROM Aut(G) TO Out(G) 



7 



Remark 2.11. If a complete CAT(O) space X is proper, then a subset Y C X is 
unbounded if and only if it contains a geodesic ray. In that case an elliptic subgroup 
H has a bounded set of fixed point if and only if H does not fix a point of the visual 
boundary dX. 

If a group G acts properly discontinuously and cocompactly on a complete 
CAT(O) space, then X is proper and the normalizer of a finite subgroup H acts 
cocompactly on FixH (see Remark 2 following Theorem 3.2 in |Rua01| ). Thus for 
H a finite subgroup of G the following are equivalent: 

(1) N G (H) is finite 

(2) FixH is bounded 

(3) H fixes no point of the CAT(O) boundary dX. 

3. Applications 

We now turn to applications of the results of the preceding section. Recall that 
if the map Aut(G) — > Out(G) splits virtually for a finitely generated residually 
finite group G, then necessarily Out(G) is residually finite. Thus the results below 
also provide an elementary strategy to show that Out(G) is residually finite for 
many groups. This is the only strategy currently known that applies to all finitely 
generated Coxeter groups (see Section [1] for other strategies). 

3.1. Coxeter groups. We prove Theorem [C] from the Introduction. Let G be a 
finitely generated Coxeter group. Since G is R-linear (through the geometric rep- 
resentation |Dav08l Appendix D]) and finitely generated, it follows from Malcev's 
theorem that G is residually finite. We refer the reader unfamiliar with Coxeter 
groups and their Davis complex to the book |Dav08] . 

Moreover, G acts properly and cocompactly on its Davis complex X, which is a 
CAT(O) piecewise Euclidean cell complex |Mou88j . Maximal cells of this complex 
are in bijective correspondence with maximal finite subgroups of G, which are 
themselves (finite) Coxeter groups. More precisely, given a maximal finite group 
H the Euclidean metric on the corresponding maximal cell Y is modeled on the 
convex hull of an orbit of a faithful representation of H as a Euclidean reflection 
group. Moreover, the only fixed point under this representation is the origin, i.e. 
the center of the cell. Since the only fixed point in Y of H lies in the interior of Y, 
and since fixed point sets are convex, it follows that H fixes a unique point in X. 
We can therefore apply Theorem [B] to the maximal finite subgroup H, so that the 
map Aut(G) — > Out(G) splits virtually. 

We now use the results recalled in Section 11.11 As said above, G is R-linear. 
Thus G is virtually residually p for all but finitely many primes p by Platonov's 
theorem. Hence the same holds for Aut(G) by Lubotzky's result, and thus for 
Out(G) as well by the above splitting. Finally, if a group G is virtually residually p 
for some prime p then it is obviously residually finite, and if moreover G is virtually 
residually q for some distinct prime q then G is virtually torsion- free by Remark 1 1.3 1 
This finishes the proof of Theorem [Cj 

Remark 3.1 (Universal Coxeter groups). Let W n = {x\,...,x n \ xj = 1) = 
*™ =1 Z/2Z be the universal Coxeter group of rank n. Let p : W n +\ -» W n = 
W n+ i / ((x n+ i)) be the natural projection and i : W n W n +\ be the natural sec- 
tion of p. The subgroup of Aut(W„+i) which preserves the conjugacy class of 
x n+ \ has finite index. Thus the map p induces a virtual map p* : Aut(W„+i) — » 
Aut(W„) and t induces a section t* : Aut(W„) <-» Aut(W^ n+ i) of p* . Now since 
p*(Inn(W n +i) = Inn(W n ) it follows that p* induces a virtual mapp : Out(W n +i) 
Out(W n )- On the other hand is is not obvious that p has a virtual section since 
L*(lnn(W n )) H Inn(M / Ii+ i) = {1}. However, if we let a n be a virtual section of the 
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map Aut(W n ) — > 0\xt{W n ) given by Theorem [Cl then one can produce a virtual 
map t so that the diagram of virtual maps in Figure [1] commutes. In particular we 
recover the known fact that Out(W„) virtually embeds in Out(W„+i). 



Aut(W n )^=^ Aut(W n+ i) 

Out(W„,) ^-V Out(w£+i) 
p 



Figure 1 . The diagram of virtual maps defining the virtual sec- 
tion I of p. 



3.2. Fuchsian groups with torsion. Let X be a closed hyperbolic 2-orbifold 
with at least one cone point of order n > 2 or with at least one reflector corner (i.e. 
X is not a closed surface nor a compact surface with each boundary component 
consisting of a single mirror), and let G be its orbifold fundamental group. In other 
words, G acts faithfully, properly discontinuously and cocompactly by isometries 
on the hyperbolic plane, and G contains a rotation of angle 2ir/n for some n > 2 
(either coming from a cone point of order n or from a reflector corner of angle n/n). 

The group G is finitely generated and linear (indeed G is a uniform lattice in 
PGL2R). Hence by Malcev's theorem G is residually finite. Thus Theorem iBl 
applies to the subgroup H generated by the rotation, so that the map Aut(G) — s- 
Out(G) splits virtually. 

3.3. Free products. Let G = G\ * H where G is finitely generated and H ^ {1} 
is freely indecomposable with finite center and such that Out(-ff) is finite (e.g. H 
is finite). Since G is finitely generated, it admits a Grushko decomposition as a free 
product of finitely many freely indecomposable groups {-£/i}i<;< n (one of which is 
conjugate to H) and a free group of finite rank i*V We let G act on T a Bass-Serre 
tree corresponding to this free product decomposition, i.e. a tree on which G acts 
cocompactly with trivial edge stabilizers and with each vertex stabilizer conjugate 
to some Hi. Since the conjugates of Hi are the maximal freely indecomposable 
subgroups of G (not isomorphic to Z), it follows that Aut(G) preserves the family 
of elliptic subgroups. Finally, since edge stabilizers are trivial, it follows that FixH 
consists of a single vertex of T. Thus all conditions of Proposition 12.91 arc satisfied 
for the action of G on T, so that H is an AS subgroup. 

Combining this with Proposition 12. II or Remark 12.31 we obtain 

Corollary 3.2. Let G = G\ *H where G is finitely generated and H ^ {1} is freely 
indecomposable with Out (H) finite. Suppose moreover that one of the following 
holds 

• either G is residually finite and H has finite center 

• or H has trivial center. 

Then the map Aut(G) — > Out(G) splits virtually. 

3.4. One-ended hyperbolic groups. Here, we use a similar argument as in the 
previous section but for the action of a one-ended hyperbolic group on its JSJ tree 
(see [Sel971lBow98] 'l. 



VIRTUALLY SPLITTING THE MAP FROM Aut(G) TO Out(G) 



9 



Corollary 3.3. Let G be a one-ended hyperbolic group with a JSJ decomposition 
admitting a non- elementary rigid vertex. Suppose moreover that G is either resid- 
ually finite or torsion-free. Then the map Aut(G) — > Out(G) splits virtually. 

Proof. Let if be a non-elementary vertex group in the JSJ decomposition of G, and 
let T be the corresponding Bass-Serre tree. Most properties we need are features 
of the JSJ decomposition: 

• The action of G on T is cocompact, i.e. the quotient graph of groups has 
finitely many vertices and edges. In particular, there are finitely many 
conjugacy classes of maximal elliptic subgroups. 

• Aut(G) preserves elliptic subgroups. 

• Edge stabilizers are virtually cyclic, so that Fix if consists of a single vertex 
of T. 

• The map <p : Outjy(G) -> Out (if) is finite. 

Note moreover that if is a non-elementary hyperbolic group and hence has finite 
center (and thus trivial center if G is torsion- free). Thus Proposition ^ .91 applies and 
if is an AS subgroup. The result now follows from Remark 12.31 in the torsion-free 
case, or from Theorem 11.11 and Proposition 12. II in the residually finite case. □ 

3.5. One-relator groups with torsion. We show that Theorem [Al applies to all 
one-relator groups with torsion. 

Corollary 3.4. Let G be a one-relator group with torsion, i.e. G = (x\, ...,Xk 
R n ) for n > 1. Then the map Aut(G) — > Out(G) splits virtually. 

Proof. Let if = (R). In order to apply Theorem IA1 we collect known results: 

• Any finite subgroup of G is conjugate to a subgroup of if, so that G has 
finitely many conjugacy classes of finite subgroups. 

• Newman's Spelling Theorem |New68j implies that Nc(if) = if. 

• It follows from the recent body of work of Wise and collaborators, an- 
nounced in |Wis09| that one-relator groups with torsion are linear over Z 
and in particular residually finite. □ 



References 

[Bau63] Gilbert Baumslag, Automorphism groups of residually finite groups, J. London Math. 

Soc. 38 (1963), 117-118. MR 0146271 (26 #3793) 
[BH99] Martin R. Bridson and Andre Haefliger, Metric spaces of non-positive curvature, 

Grundlchren dcr Mathcmatischen Wissenschaften [Fundamental Principles of Mathe- 
matical Sciences], vol. 319, Springer- Ver lag, Berlin, 1999. MR 1744486 (2000k:53038) 
[Bow98] Brian H. Bowditch, Cut points and canonical splittings of hyperbolic groups, Acta Math. 

180 (1998), no. 2, 145-186. MR 1638764 (99g:20069) 
[BW05] Inna Bumagin and Daniel T. Wise, Every group is an outer automorphism group 

of a finitely generated group, J. Pure Appl. Algebra 200 (2005), no. 1-2, 137-147. 

MR 2142354 (2005m:20085) 
[Carll] Mathicu Carette, The automorphism group of accessible groups, J. Lond. Math. Soc. 

(2) 84 (2011), no. 3, 731-748. MR 2855799 
[CM12] Pierre-Emmanuel Capracc and Ashot Minasyan, On conjugacy separability 

of some Coxeter groups and parabolic-preserving automorphisms, Preprint, 

|http : //arxiv . org/abs/1210 . 4328] 2012. 
[CP10] Pierre-Emmanuel Caprace and Piotr Przytycki, Twist-rigid Coxeter groups, Geom. 

Topol. 14 (2010), no. 4, 2243-2275. MR 2740646 (2012b:20097) 
[CV11] Ruth Charncy and Karen Vogtmann, Subgroups and quotients of automorphism groups 

of RAAGs, Low-dimensional and symplectic topology, Proc. Sympos. Pure Math., 

vol. 82, Amer. Math. Soc, Providence, RI, 2011, pp. 9-27. MR 2768650 
[CZ09] Sheila C. Chagas and Pavel A. Zalesskii, Finite index subgroups of conjugacy separable 

groups, Forum Math. 21 (2009), no. 2, 347-353. MR 2503309 (2010a:20063) 



10 



MATHIEU CARETTE 



[Dav08] Michael W. Davis, The geometry and topology of Coxeter groups, London Mathematical 
Society Monographs Series, vol. 32, Princeton University Press, Princeton, NJ, 2008. 
MR 2360474 (2008k:20091) 

[GL12] Vincent Guirardcl and Gilbert Levitt, Splittings and automorphisms of relatively hyper- 
bolic groups, Preprint, http://arxiv.org/abs/1212.1434vl 2012. 

[Gor86] A. V. Goryaga, Example of a finite extension of an FAC-group that is not an FAC-group, 
Sibirsk. Mat. Zh. 27 (1986), no. 3, 203-205, 225. MR 853899 (87m:20090) 

[GPR12] Mauricio Gutierrez, Adam Piggott, and Kim Ruanc, On the automorphisms of a graph 
product of abelian groups, Groups Geom. Dyn. 6 (2012), no. 1, 125-153. MR 2888948 

[Gro75] Edna K. Grossman, On the residual finiteness of certain mapping class groups, J. Lon- 
don Math. Soc. (2) 9 (1974/75), 160-164. MR 0405423 (53 #9216) 

[Jam88] Lynnc D. James, Complexes and Coxeter groups — operations and outer automorphisms, 
J. Algebra 113 (1988), no. 2, 339-345. MR 929764 (89c:20055) 

[Lcv05] Gilbert Levitt, Automorphisms of hyperbolic groups and graphs of groups, Geom. Ded- 
icata 114 (2005), 49-70. MR 2174093 (2006m:20051) 

[LM] Gilbert Levitt and Ashot Minasyan, On residual properties of automorphisms of (rela- 
tively) hyperbolic groups, in preparation. 

[Lub80] Alexander Lubotzky, Normal automorphisms of free groups, J. Algebra 63 (1980), no. 2, 
494-498. MR 570726 (81k:20041) 

[Mcs90] G. Mess, Unit tangent bundle subgroups of mapping class groups, IHES preprint, 1990. 

[Min09] Ashot Minasyan, Groups with finitely many conjugacy classes and their automorphisms, 
Comment. Math. Helv. 84 (2009), no. 2, 259-296. MR 2495795 (2010b:20052) 

[Minl2] , Hereditary conjugacy separability of right-angled Artin groups and its applica- 
tions, Groups Geom. Dyn. 6 (2012), no. 2, 335-388. MR 2914863 

[MM12] Armando Martino and Ashot Minasyan, Conjugacy in normal subgroups of hyperbolic 
groups., Forum Math. 24 (2012), no. 5, 889-909. 

[MO10] A. Minasyan and D. Osin, Normal automorphisms of relatively hyperbolic groups, Trans. 
Amcr. Math. Soc. 362 (2010), no. 11, 6079-6103. MR 2661509 (2011m:20102) 

[Mon06] Nicolas Monod, Superrigidity for irreducible lattices and geometric splitting, J. Amer. 
Math. Soc. 19 (2006), no. 4, 781-814. MR 2219304 (2007b:22025) 

[Mou88] Gabor Moussong, Hyperbolic Coxeter groups, ProQuest LLC, Ann Arbor, MI, 1988, 
Thesis (Ph.D.)-Thc Ohio State University. MR 2636665 

[Miih98] Bcrnhard Muhlhcrr, Automorphisms of graph-universal Coxeter groups, J. Algebra 200 
(1998), no. 2, 629-649. MR 1610676 (98m:20048) 

[Muh06] , The isomorphism problem for Coxeter groups, The Coxeter legacy, Amer. Math. 

Soc, Providence, RI, 2006, pp. 1-15. MR 2209018 (2006k:20084) 

[New68] B. B. Newman, Some results on one-relator groups, Bull. Amer. Math. Soc. 74 (1968), 
568-571. MR 0222152 (36 #5204) 

[Pau91] Frederic Paulin, Outer automorphisms of hyperbolic groups and small actions on R.- 
trees, Arboreal group theory (Berkeley, CA, 1988), Math. Sci. Res. Inst. Publ., vol. 19, 
Springer, New York, 1991, pp. 331-343. MR MR1105339 (92g:57003) 

[Pla68] V. P. Platonov, A certain problem for finitely generated groups, Dokl. Akad. Nauk BSSR 
12 (1968), 492-494. MR 0231897 (38 #223) 

[RuaOl] Kim E. Ruane, Dynamics of the action of a CAT(0) group on the boundary, Geom. 
Dedicata 84 (2001), no. 1-3, 81-99. MR 1825346 (2002d:20064) 

[Scl97] Z. Scla, Structure and rigidity in ( Gromov) hyperbolic groups and discrete groups in rank 
1 Lie groups. II, Geom. Funct. Anal. 7 (1997), no. 3, 561-593. MR 1466338 (98j:20044) 

[Tit88] Jacques Tits, Sur le groupe des automorphismes de certains groupes de Coxeter, J. 
Algebra 113 (1988), no. 2, 346-357. MR 929765 (89b:20077) 

[Wis09] Daniel T. Wise, Research announcement: the structure of groups with a quasicon- 
vex hierarchy, Electron. Res. Announc. Math. Sci. 16 (2009), 44-55. MR 2558631 
(2011c:20052) 



Universite catholique de Louvain, IRMP, Chemin du Cyclotron 2, bte L7.01.01, 1348 Louvain-la-Neuve , 
Belgium 

E-mail address: mathieu.carette@uclouvain.be 



